Abstract. The eigenvalue problem in L 2 (R 2 ) of Schrödinger operators with a polynomial perturbation has been replaced by one corresponding to the system confined in a box with impenetrable walls. It is shown that the Dirichlet and the von Neumann problems in L 2 ( ) generate upper and lower bounds, respectively, to the eigenvalues of the unbounded system. To illustrate the method, rapidly converging two-sided bounds for the energy levels of two-and three-well oscillators are presented, using simple trigonometric basis functions.
Introduction
The two-dimensional perturbed oscillator Hamiltonian in the dimensionless form
has received attention, especially from the viewpoint of perturbation theory due to its applications in quantum field theory and molecular spectroscopy. Regarding ε as a perturbation parameter, it has been well known, since the late 1960s, that the resulting perturbation series are divergent for all ε > 0 [1, 2] . The quartic oscillator, Q(x, y) = a 20 x 4 + 2a 11 x 2 y 2 + a 02 y
(1.2)
is the most studied system of this kind, where the a ij are the coupling constants. Several methods of finding estimates of the eigensolutions of (1.2) have been introduced, including large order and inner product perturbation theories [3] [4] [5] [6] , renormalized perturbation and power series [6, 7] , and modified perturbative and moment methods [8] [9] [10] . The inner product technique was also applied to potentials other than the quartic oscillators [11, 12] . Almost all these approaches start with the use of the classical harmonic oscillator solution and deal with renormalized convergence parameter and/or resummation methods such as Padé approximants to obtain satisfactory results, owing to the divergent nature of the perturbation problem being considered. In any case, however, an obvious accuracy loss is noticeable for strong anharmonic couplings. This can easily be attributed to the fact that a harmonic-like reference function does not represent properly the asymptotic behaviour of the true wavefunction.
In a recent article [13] by the same authors, it was shown numerically that the Dirichlet boundary value problem,
where the wavefunction vanishes over the boundaries of a sufficiently large finite rectangular region , can be effectively used in calculating the spectrum of the usual Schrödinger equation defined in R 2 with the quartic and the sextic perturbations. Such a truncation of the unbounded domain of the problem was justified analytically in [14] . However, having no error estimates at hand may raise a question about the accuracy of the numerical results, especially in the case of multiwell oscillators with nearly degenerate minima.
In this paper, we deduce in section 2 that the eigenvalues of the Dirichlet and the von Neumann problems are upper and lower bounds, respectively, for the eigenvalues of the relevant unbounded system. Section 3 presents complete orthonormal basis sets in terms of circular functions satisfying the boundary conditions of Dirichlet and von Neumann types to be utilized in the Rayleigh-Ritz variational method. In section 4, we attack the more challenging problem of multiwell potentials in two dimensions, reporting rapidly converging exact bounds to the eigenvalues for a wide range of the coupling constants. The last section is devoted to the discussion of the numerical results and the concluding remarks.
Dirichlet and von Neumann problems
Let us consider the enclosed Schrödinger equation
where has been specified to be a square region such that = {(x, y) : x ∈ (− , ) and y ∈ (− , )}.
For a nice analysis, we assume that V (x, y) is a well (multiwell) potential having both reflection and interchange symmetries. The end conditions imposed on the wavefunction (x, y) are
for all y, and
for all x, where the subscripts denote partial derivatives. The constants A and B are either zero or unity so that a Dirichlet or a von Neumann boundary value problem is under discussion according to whether A or B are equal to zero. If we regard the eigenfunctions and the eigenvalues of (2.1) as functions of the boundary parameter ,
then the eigensolutions of the unbounded Schrödinger equation corresponding to (2.1) may formally be obtained through the limit operations
In what follows, equation (2.1) can be differentiated with respect to to give a result
from which, on multiplying by and integrating over , it follows immediately that
where we have assumed that the wavefunction is normalized so that , = 1. If L stands for the formal adjoint of the differential operator L, (2.8) can then be written in the form
Note that the last inner product vanishes from (2.1) since L is formally self-adjoint, i.e. L = L. Thus we have
The use of the total differential of (x, y; ),
allows the expression of (2.10) in a more informative form. In fact, if x = x( ) then dx = (dx/d ) d and hence
showing that = + (dx/d ) x , where on the left-hand side is to be regarded as the partial derivative of the function {x( ), y; } of and y only. Likewise for y = y( ) we infer that
when x = ∓ and y = ∓ , respectively. By means of these operational relations, differentiating the boundary conditions in (2.3) and (2.4) with respect to now yields the equations
As a result, in the case of the problem (2.1) with the prescribed Dirichlet conditions, A = 0 and B = 1, substituting (2.15) and (2.16) into (2.10) leads to
which may be written in the form
whenever the wavefunction possesses reflection and interchange symmetries. In any case, however, dE/d is negative implying that the eigenvalues of the Dirichlet problem, E (u) say, decreases monotonically to its limit E (∞) as increases.
On the other hand, if the problem being considered obeys the boundary conditions of the von Neumann type, i.e. A = 1 and B = 0, we then find in a similar fashion that
Taking advantage of the symmetry prescriptions we obtain
which reduces to
from (2.1). Clearly dE/d is positive provided that is beyond the classical turning points. Therefore, the eigenvalues of the von Neumann problem, E (l) say, approaches E (∞) from below as increases. As a consequence, the Dirichlet and von Neumann problems generate error bounds to the eigenvalues E (∞) required, in the sense that
All that is left now is the establishment of an efficient algorithm to solve the Schrödinger equation (2.1) accompanying with both Dirichlet and von Neumann conditions, in estimating rigorous upper and lower bound eigenvalues, respectively.
Trigonometric basis sets
The Schrödinger equation for a free particle
is considered to construct a complete orthonormal basis for the space L 2 ( ). Our approach is guided by recent successful variational studies of anharmonic oscillators in one and two dimensions [15] [16] [17] 13] . It is an easy matter to show that Laplace's operator in (3.1) has the normalized sequence of eigenfunctions, for m, n = 0, 1, . . . ,
and ϕ mn (x, y) = 1 γ mn cos m π x cos n π y (3.3a)
satisfying Dirichlet and von Neumann conditions, respectively, where
in which δ ij is the Kronecker delta. Henceforth, the basis sets in (3.2) and (3.3) are referred to as 1 u , 2 u , 3 u , 4 u and 1 l , 2 l , 3 l , 4 l , respectively. The symmetric structure of the problem suggests the decomposition of the spectrum into four subsets. Actually, the sets 1 u , 1 l and 4 u , 4 l can be used to determine energy levels with the same parity, i.e. both even or both odd. On the other hand, we may deal with the eigenvalues having different parity, one even and one odd, by means of the sets 2 u , 3 u and 2 l , 3 l . Hence we can propose as our trial functions
and
in calculating upper and lower bounds to E (∞) , E (u) and E (l) , of the perturbed Schrödinger equation, respectively, where the h mn and f mn are the linear combination coefficients. The potential function is chosen as a general polynomial of degree 2M of the form
with the coupling constants v 2i and a i−j,j . It is obvious that V (x, y) has the reflection symmetries
as well as an interchange symmetry,
when a i−j,j = a j,i−j . Substituting (3.5) into (2.1) now yields the secular equations
where
from which it follows that
In this definition of H klmn we have introduced four integer parameters s 1 , s 2 , p 1 and p 2 to include all four bases in (3.2) such that
for the sets 1 u , 2 u , 3 u and 4 u , respectively. Furthermore, the R (j ) k denote the simple integrals of the type
which may be evaluated both recursively and explicitly. The recursive relation,
with the initial condition that R (0) k = 0, is preferable from a computational point of view [16] .
Starting from the solution (l) (x, y) in (3.6), the variational formulation of the von Neumann problem may be worked out by the same way. The result is again the reduction of the Schrödinger equation to the system of algebraic equations
with s 1 , s 2 , p 1 , p 2 being the same as those defined by (3.13), for the von Neumann basis sets in (3.3) as well. Besides, σ is an additional adjustable parameter which should be taken as
for 1 l , 2 l , 3 l and 4 l , respectively. For numerical purposes, we naturally truncate the wavefunctions by writing
where N (N u or N l ) is the number of basis elements considered in the expansions. Now equations (3.10) and (3.16) describe finite algebraic systems of order N 2 . As long as N is finite it may be interesting to point out that recoding the entries defined by H klmn and F klmn , these systems are expressible in the form of standard matrix eigenvalue problems [13] . To this end, the integer transformation T , T :
reduces H klmn (F klmn ) and δ km δ ln to a matrix [A ij ] and the identity matrix [δ ij ] of orders N 2 , respectively, where N = {1, 2, . . .} is a subset of the set of natural numbers and N 0 = {0}∪N. The [A ij ] turns out to be a symmetric matrix due to the block symmetry of H klmn (F klmn ), i.e. H klmn = H mnkl (F klmn = F mnkl ). Furthermore, the mapping S, S :
transforms h kl (f kl ) with k, l = 0, 1, . . . , N − 1 into g j with j = 1, 2, . . . , N 2 . Hence we may represent (3.10) and (3.16) in the form
whose diagonalization employing available routines [18] results in the truncated upper and lower bound eigenvalues.
Two-and three-well oscillators
The particular example which we first consider in this paper is that of the Schrödinger equation with a quartic anharmonicity where M = 2 in (3.7). In spite of the possibility of treating this potential in its full generality, we have exploited the interchange symmetry of the coordinates, that is, a 10 = a 01 and a 20 = a 02 , to minimize the number of coupling constants. Thus we take the potential
where v 4 > 0 and a −1 to have a positive quartic perturbation, and hence a well potential. If v 2 is negative then V (x, y; a, v 2 , v 4 ) describes a double-well potential ( figure 1 ). In such a situation, however, the parameter a should not be equal to −1 since the resulting potential then tends to −∞ along the straight line y = |x|. A linear transformation shows that the eigenvalues of the Schrödinger equation with (4.1) have the scaling relationship, where a > −1 and Z 2 > 0. Therefore, the two-well oscillators may be best characterized by a potential of the form
containing two effective parameters a and Z 2 , so that E = E(a, Z 2 ). Note also that both a and Z 2 should remain finite. Indeed, if a → ∞ then we encounter the infinite-field limit Hamiltonian with V (x, y) = 2x 2 y 2 , which is no longer a double-well potential, while if Z 2 → ∞ then the resulting equation with V (x, y) = −x 2 − y 2 does not define a physical problem.
Furthermore, if we introduce new variables ξ and η such that
the Schrödinger equation is unaltered in form:
indicating clearly that the range of a 1 is taken into the interval (−1, 1] of the parameter α, which plays in (4.5) the same role with a. The connection between the eigenvalues of the original and the transformed Schrödinger equations,
now implies the investigation of the problem only for the values of a ∈ (−1, 1], without any loss of generality. For instance,
so that we present the numerical results at a = − 1 2
, 0, 1 2 and 1 covering the interval of a of the main interest, for a variety of Z 2 values ranging from 0.001 up to 20 in tables 2-6. As a second example, we handle the sextic oscillators in (3.7) with M = 3. This potential is equivalent to . It may be shown, in analogy with the sextic oscillators in one dimension [16] , that the same potential with a non-negative harmonic and a strictly negative quartic couplings, i.e. v 2 0 and v 4 < 0 with a > −1, possesses three minima provided that v It is important to notice that β ranges from − , 1] as well as a ∈ (−1, 1] to cope with the problem of triple-well potentials. However, our aim is not to overfill the content of the article with any more tabular material by making a systematic investigation over the specified intervals of the coupling constants a, b, c 2 and c 4 . As a matter of fact, we present only some specimen calculations in table 7 to verify the applicability of the method to the sextic oscillators with three minima as well. 21 2(1) 1(2) 8.998 437 459 082 372 4551/60 2 l/u -3 l/u 4.25 20 0 (3) 3(0) 21 0(4) 4(0) Additional features of the energy levels of the Schrödinger equation for the multiwell oscillators will be discussed in the next section in connection with the numerical results reported. 
Results and discussion
In this paper, we calculate the eigenvalues of multiwell oscillators with high accuracy providing rigorous lower and upper bounds. Quite extensive numerical data are given for the double-well potentials in order to understand the typical features of their energy spectra. In the tables and N denote the boundary parameter and the truncation order of Table 5 . Lower and upper bounds to the eigenvalues of the two-well potentials V (x, y; a, Z 2 ) at Z 2 = 8 as a function of a. a N n x n y E n x n y Basis set Here, the lower bounds are truncated whereas the upper bounds are rounded up, if they are positive. An inverse procedure is adopted for negative eigenvalues. The energy levels are introduced in ascending order of magnitude indicating also their respective basis sets. Table 1 illustrates how the method of this work can be applied to show the dependence of a specific energy level on the boundary parameter . Clearly the lower and upper bound eigenvalues converge very rapidly to the limiting energy E (∞) as increases, supporting numerically the theoretical findings of section 2. Table 7 .
Lower and upper bounds to the eigenvalues of the three-well potential V (x, y; a, b, c 2 , c 4 ) for which a = b = 0, c 2 = 1 and c 4 = 2. From tables 2-6 we may observe the behaviour of the low-lying state eigenvalues of the two-well oscillators as Z 2 varies from 0.001 to 20. It should be mentioned that Z 2 controls the depth of wells, and at Z 2 = 8 the lower eigenvalues start to become nearly degenerate owing to the tunnelling through the potential barrier. This means that the two wells are sufficiently separated when Z 2 > 8, especially, for negative values of a. Such a situation appears evidently at Z 2 = 20, where the lower eigenvalues are closely bunched in quadruples. Note that the probability of tunnelling approaches zero for relatively small negative harmonic couplings, i.e. Z 2 8, for which the system behaves like a single-well oscillator. On the other hand, Z 2 should not be much greater than 20 since the eigenvalue problem then tends to a non-physical one. Actually, we perceived the weak convergence property of the method for large enough values of Z 2 . In the problem under discussion, two special cases of the parameters a = b = 1 and a = b = 0 can be distinguished. In the former, the potential has a circular symmetry, and hence the spectrum may also be examined by the radial part of the Schrödinger equation, in another context. This is currently being investigated [19, 20] . In the latter, the system reduces to two independent oscillators, for which E n x n y = E n x + E n y (5.2)
where the E n x (E n y ) are the eigenvalues of the corresponding one-dimensional equation. So the results of this case may be checked by the accurate one-dimensional calculations in [16, 21] . Furthermore, only for positive values of a, there are some two-dimensional results as well, which are quoted in tables 3 and 4 for comparison [22] . However, the inner product technique used in [22] seems to be insufficient in determining the aforementioned nearly degenerate eigenstates.
The energy level crossings may be analysed by the representation of the eigenvalues E n x n y as groups denoted by the integer number G such that G = n x + n y . It can be seen, from tables 2-6, that the eigenvalues in the groups 2G + 1, which are treated by either the sets 2 l/u or 3 l/u , remain doubly degenerate throughout the interval of a, a ∈ (−1, 1]. This is a consequence of the interchange symmetry of the coordinates x and y. Additional doubly degenerate levels occur at a = 0 and a = 1 due to the relation in (5.2) and the circular symmetry of the potential, respectively. However, these particular degenerate levels split into two levels when a is different from 0 and 1. In [7] and [13] , certain ordering rules for the eigenvalues of anharmonic oscillators belonging to a specific group G were investigated. Unfortunately, in the case of multiwell potentials, we could not devise similar rules which are independent of Z 2 . In fact, the eigenvalues in a group G cannot be ordered according to an identical rule for small and large Z 2 regimes, with a fixed a. The reported truncation orders N imply that the trigonometric basis sets in (3.2) and (3.3) have virtually the same convergence properties. It is clear that there is no uncertainty in the tabulated results since we have estimated two-sided exact eigenvalue bounds. Furthermore, as is shown from table 7 the method can be extended to three-well potentials without any loss of accuracy. However, a fairly detailed numerical analysis of the spectrum of such an oscillator is left to a future study.
